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We study the multiplicity of solutions for the elliptic problem
Du ¼ f ðx; uÞ þ egðx; uÞ in O and u ¼ 0 on @O;
where e is a parameter, O is a smooth bounded domain in RN ; f 2 Cð %O RÞ; f ðx; tÞ
is odd with respect to t; and g 2 Cð %O RÞ: Under suitable conditions only on f ; we
prove that for any j 2 N there exists ej > 0 such that if jej4ej then the above problem
possesses at least j distinct solutions. # 2002 Elsevier Science (USA)
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solutions.1. INTRODUCTION
This paper is motivated by results in [5, 6]. Let O be a bounded domain inRN
with smooth boundary @O and consider the elliptic boundary value problem
Du ¼ f ðx; uÞ þ egðx; uÞ in O;
u ¼ 0 on @O;
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LI AND LIU272where e50 is a parameter and f ; g 2 Cð %O RÞ: Let us formulate the
conditions ﬁrst.
(f1) f ðx;tÞ ¼ f ðx; tÞ for all x 2 O and t 2 R:
(f2) There exist a > 0 and 15p5ðN þ 2Þ=ðN  2Þ such that
j f ðx; tÞj4að1þ jtjpÞ; x 2 %O; t 2 R
if N53; limjtj!þ1 lnðj f ðx; tÞj þ 1Þjtj2 ¼ 0 uniformly for x 2 O if N ¼ 2;
and no assumption if N ¼ 1:
(f3) There exist constant M > 0 and 25m5 2N
N2 such that
05mF ðx; tÞ4tf ðx; tÞ; x 2 %O; jtj5M ;
where F ðx; tÞ ¼
R t
0 f ðx; sÞ ds:
We will prove the following theorem.
Theorem 1. Suppose that ðf1Þ–ðf3Þ are satisfied. Then for any j 2 N; there
exists ej > 0 such that if jej4ej then problem ðP1Þe possesses at least j distinct
solutions corresponding to positive critical values. That is, for such a
solution u;
1
2
Z
O
jruj2 
Z
O
F ðx; uÞ  e
Z
O
Gðx; uÞ > 0;
where Gðx; tÞ ¼
R t
0 gðx; sÞ ds:
Remark 1. (a) The solutions obtained in Theorem 1 are in C1; a for any
05a51 and therefore the integral in Theorem 1 has its meaning.
(b) Apart from continuity, we do not assume any condition on the
nonlinear term g: Especially, neither growth condition nor symmetric
condition is imposed on g:
To give a counterpart of the result in Theorem 1, we make the following
assumptions.
(f4) There exists d > 0 such that f ðx;tÞ ¼ f ðx; tÞ for all x 2 O and
jtj4d:
(f5) limjtj!0 F ðx; tÞt2 ¼ þ1:
(f6) There exists d1 > 0 such that 2F ðx; tÞ > tf ðx; tÞ for all x 2 O and 05
jtj  d1:
Theorem 2. Suppose that ðf4Þ–ðf6Þ are satisfied. Then for any j 2 N; there
exists ej > 0 such that if jej4ej then problem ðP1Þe possesses at least j distinct
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1
2
Z
O
jruj2 
Z
O
F ðx; uÞ  e
Z
O
Gðx; uÞ50
for such a solution u:
Remark 2. Remark 1(a) and (b) made for Theorem 1 are valid for
Theorem 2. Note that conditions only concerning properties of f in a
neighborhood of t ¼ 0 are needed in Theorem 2.
Remark 3. In [5], Degiovanni and Radulescu studied a perturbation
eigenvalue problem in which the perturbation term is not odd in t and is
assumed to have a subcritical nonlinearity, while in [6] the authors of
the present paper studied a perturbation problem in which the pertur-
bation term has arbitrary nonlinearity and is assumed to be odd in t: In the
present paper, we remove both of the restrictions from the results in [5, 6].
Indeed, we do not need any condition on the perturbation term except
continuity.
2. PROOF OF THEOREM 1
First of all, let us recall some notions and facts from Degiovanni and
Lancelotti [4]. Here we do not seek for the generality as in [4]. Let E be a
Banach space and I 2 C1ðE;RÞ: For b 2 %R :¼ R[ f1;þ1g; set Ib ¼ fu 2
E j IðuÞ4bg:
Definition 1. Let a; b 2 %R with a4b: The pair ðIb; IaÞ is said to be
trivial, if for every neighborhood ½a0; a00 of a and ½b0;b00 of b ða0; a00; b0;
b00 2 %RÞ there exist two closed subsets A and B such that Ia
0
 A 
Ia
00
; Ib
0
 B  Ib
00
and such that A is a strong deformation retract of B:
Definition 2. A real number c is said to be an essential value of f ; if for
every e > 0 there exist a; b 2 ðc  e; c þ eÞ with a5b such that the pair ðIb; IaÞ
is not trivial.
Lemma 1 (Degiovanni and Lancelotti [4]). Let a; b 2 %R with a5b: Let
us assume that I has no essential value in ða; bÞ: Then the pair ðIb; IaÞ is trivial.
Lemma 2 (Degiovanni and Lancelotti [4]). Let c be an essential value of
I : Then for every e > 0 there exists d > 0 such that every J 2 C1ðE;RÞ with
supfjJðuÞ  IðuÞj j u 2 Eg5d admits an essential value in ðc  e; c þ eÞ:
LI AND LIU274Lemma 3 (Degiovanni and Lancelotti [4]). Let c be an essential value of
I : If ðPSÞc holds for I ; then c is a critical value of I :
Proof of Theorem 1. We will prove Theorem 1 only for the case N53:
Fix a number j 2 N: For k 2 N; choose a continuous function bkðtÞ such that
bkðtÞ ¼ 1 if jtj4k; that bkðtÞ ¼ 0 if jtj5k þ 1; and that 05bkðtÞ51 if k5jtj
5k þ 1: Let gkðx; tÞ ¼ bkðtÞgðx; tÞ and Gkðx; tÞ ¼
R t
0 gkðx; sÞ ds: For any k 2
N; choose e1ðkÞ > 0 such that for all x 2 O and t 2 R;
e1ðkÞjgkðx; tÞj51; e1ðkÞjGkðx; tÞj51; and e1ðkÞtgkðx; tÞ51: ð2:1Þ
For k 2 N and jej4e1ðkÞ; set
IðuÞ ¼
1
2
Z
O
jruj2 dx 
Z
O
F ðx; uÞ dx; u 2 H10 ðOÞ
and
IekðuÞ ¼
1
2
Z
O
jruj2 dx 
Z
O
½F ðx; uÞ þ eGkðx; uÞ dx; u 2 H10 ðOÞ:
It is well known that I and Iek satisfy ðPSÞc for every real number c (see [7]).
Denote by l15l24l34    all the eigenvalues of D with 0-Dirichlet
boundary condition and by e1; e2; e3; . . . the corresponding eigenfunctions,
with the explicit meaning that each li is counted as many times as its
multiplicity. Let E ¼ H10 ðOÞ: Denote Ek ¼ spanfe1; e2; . . . ; ekg: By (f2) and
(f3), there exists an increasing sequence of positive numbers fRkg such that
(see [7])
IðuÞ40; 8u 2 Ek; jjujj5Rk:
Let Dk ¼ fu j u 2 Ek; jjujj4Rkg and @Dk be the boundary of Dk in Ek:
Deﬁne a sequence fFkg of sets of functions inductively as
F1 ¼ fh j h 2 CðD1;EÞ; h is odd; and hj@D1 ¼ idg
and, for k ¼ 1; 2; . . . ;
Fkþ1 ¼ fh j h 2 CðDkþ1;EÞ; h is odd; hj@Dkþ1 ¼ id; and hjDk 2 Fkg:
Deﬁne, for k ¼ 1; 2; . . . ;
bk ¼ inf
h2Fk
max
u2Dk
IðhðuÞÞ:
It is obvious that
b14b24b34    :
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Gk ¼ fh j h 2 CðDk; EÞ; h is odd; and hj@Dk ¼ idg;
Gk ¼ fhðDj =Y Þ j h 2 Gj ; j5k; Y 2 S; and gðY Þ4j  kg
and
ck ¼ inf
B2Gk
max
u2B
IðuÞ;
where S is the class of closed symmetric subsets of X and gðY Þ is the genus
of Y for Y 2 S: By Rabinowitz [7, Proposition 9.33], ck !1 as k !1:
From the deﬁnition of bk and ck; it is clear that bk5ck for all k 2 N: So
bk !1 as k !1: Let L ¼ fc 2 R j c is an essential value of Ig: Now we
prove that L=| and supL ¼ þ1: If this statement were false then there
would exists k 2 N such that 05bk5bkþ1 and ½bk;þ1Þ \ L ¼ |: Choose
real numbers a0; a; a00 such that
bk5a05a5a005bkþ1: ð2:2Þ
Let h 2 Fk be such that
max
u2Dk
IðhðuÞÞ5a0:
For k 2 N; deﬁne Dþkþ1 ¼ fu j u ¼ v þ tekþ1; v 2 Ek; t50; jjujj4Rkþ1g and
let @Dþkþ1 be the boundary of D
þ
kþ1 in Ekþ1: Extend h to a function h1 2
Cð@Dþkþ1;EÞ as
h1ðuÞ ¼
hðuÞ if u 2 Dk;
u if u 2 @Dþkþ1=Dk:
(
Clearly, h1 is well deﬁned and continuous and h1ð@Dþkþ1Þ  I
a0 : Extend h1 to
a function h2 2 CðDþkþ1;EÞ and let b ¼ maxfIðh2ðuÞÞ j u 2 D
þ
kþ1g: By Lemma
1, the pair ðIþ1; IaÞ is trivial. So there exist closed subsets A and B of E such
that Ia
0
 A  Ia
00
; Ib  B and there exists a strong deformation retraction
Z : B  ½0; 1 ! B of B to A: Deﬁne h3 2 CðDþkþ1;EÞ as h3ðuÞ ¼ Zðh2ðuÞ; 1Þ:
Then h3ðuÞ satisﬁes
Iðh3ðDþkþ1ÞÞ  I
a00 ; ð2:3Þ
h3 is odd on D
þ
kþ1 \ Ek; ð2:4Þ
h3 ¼ id on @Dþkþ1 \ @Dkþ1; ð2:5Þ
h3jDk ¼ h: ð2:6Þ
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h4ðuÞ ¼
h3ðuÞ if u 2 Dþkþ1;
h3ðuÞ if u 2 Dkþ1=Dþkþ1:
(
Then, (2.4) implies that h4 is odd, (2.5) implies h4j@Dkþ1 ¼ id; and (2.6)
implies h4jDk 2 Fk: So h4 2 Fkþ1; which is a contradiction since by (2.2) and
(2.3) we have
bkþ14 max
u2Dkþ1
Iðh4ðuÞÞ ¼ max
u2Dþ
kþ1
Iðh3ðuÞÞ4a005bkþ1:
Therefore L=| and supL ¼ þ1: Choose a strictly increasing sequence of
positive numbers fdkg  L such that dk ! þ1 as k !1: By Lemma 2
and the deﬁnition of Iek; there exists e2ðkÞ 2 ð0; e1ðkÞÞ such that if jej4e2ðkÞ
then Iek has at least j essential values dek1; dek2; . . . ; dekj such that
05dek15dek25   5dekj5djþ1: ð2:7Þ
According to Lemma 3, there are j distinct critical points ueki ði ¼ 1; 2;
. . . ; jÞ of Iek such that
Dueki ¼ f ðx; uekiÞ þ egkðx; uekiÞ in O; ueki j@O ¼ 0; ð2:8Þ
1
2
Z
O
jruekij
2 dx 
Z
O
½F ðx; uekiÞ þ eGkðx; uekiÞ dx ¼ deki: ð2:9Þ
From (2.8), we see thatZ
O
jruekij
2 dx ¼
Z
O
½f ðx; uekiÞueki þ egkðx; uekiÞueki dx: ð2:10Þ
By (2.1), (2.7), (2.9), and (2.10), there exists a constant Cj > 0 independent of
e and k such that for every k 2 N; jej4e2ðkÞ; and i ¼ 1; 2; . . . ; j;Z
O
jruekij
2 dx  2
Z
O
F ðx; uekiÞ dx4Cj ; ð2:11Þ
Z
O
jruekij
2 dx 
Z
O
f ðx; uekiÞueki dx5 Cj : ð2:12Þ
Using (2.11), (2.12) and condition (f3), we have, for every k 2 N; jej4e2ðkÞ;
and i ¼ 1; 2; . . . ; j; Z
O
jruekij2 dx4C0j ; ð2:13Þ
where C0j is a constant independent of e and k: A result of Brezis and Kato
[2] implies that there exists a constant C00j independent of e and k such that,
for every k 2 N; jej4e2ðkÞ; and i ¼ 1; 2; . . . ; j;
jjuekijjCð %OÞ4C
00
j :
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uek1; uek2; . . . ; uekj : The proof is ﬁnished. ]
Theorem 1 can be generalized as follows. The following two conditions
will be used.
(f7) limjtj!1 F ðx; tÞ=t2 ¼ 1 uniformly for x 2 O:
(f8) There exist M1 > 0; a > 0; and b > 0 such that
2F ðx; tÞ þ bjtja4tf ðx; tÞ; x 2 %O; jtj5M1:
Theorem 1n: Suppose that (f1), (f2), (f7), and (f8) are satisfied. Then the
same conclusion as in Theorem 1 holds.
Proof. It is similar to the proof of Theorem 1. We need only notice that
the proof of [4, Theorem 2.10] is valid if ðPSÞc is replaced with ðCÞc: any
sequence fung
1
1  E satisfying JðunÞ ! c and ð1þ jjunjjÞJ
0ðunÞ as n !1 has
a convergent subsequence. So Lemma 3 holds true if ðPSÞc is replaced with
ðCÞc: Note also that, according to [3], I and Iek satisfy ðCÞc for any c > 0 if
(f7) and (f8) are satisﬁed. ]
Note that (f3) implies (f7) and (f8). Thus Theorem 1 is only a special case
of Theorem 1n: But Theorem 1 is more related to classical results (see [1, 7]).
3. PROOF OF THEOREM 2
First, we give the following lemma which is a slight modiﬁcation of [8,
Lemma 2.3].
Lemma 4. Assume that f ðx; tÞ satisfies (f4)–(f6). Then there exist a > 0
and f˜ 2 Cð %O R;RÞ such that
f˜ðx;tÞ ¼ f˜ðx; tÞ for all x 2 O and t 2 R; ð3:1Þ
f˜ðx; tÞ ¼ f ðx; tÞ for all x 2 O and jtj4a; ð3:2Þ
2F˜ðx; tÞ > tf˜ðx; tÞ for all x 2 O and t=0; ð3:3Þ
where F˜ðx; tÞ ¼
R t
0 f˜ðx; sÞ ds:
Proof. We only sketch the proof. For more details see [8]. Let a > 0;
05q51; and b > 0 satisfy 2a5minfd; d1g and F ðx; tÞ > bjtjqþ1 for a4jtj4
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0 for jtj52a; and tr0ðtÞ50 for a5jtj52a: Deﬁne
F˜ðx; tÞ ¼ rðtÞF ðx; tÞ þ ð1 rðtÞÞbjtjqþ1 ð3:4Þ
and f˜ðx; tÞ ¼ @@t F˜ðx; tÞ: Then it is easy to check that f˜ satisﬁes all the
conditions in Lemma 4. ]
Proof of Theorem 2. Set G˜ðx; tÞ ¼ rðtÞGðx; tÞ and g˜ðx; tÞ ¼ @@t G˜ðx; tÞ; and
deﬁne
I˜ðuÞ ¼
1
2
Z
O
jruj2 dx 
Z
O
F˜ðx; uÞ dx; u 2 H10 ðOÞ
and
I˜eðuÞ ¼
1
2
Z
O
jruj2 dx 
Z
O
½F˜ðx; uÞ þ eG˜ðx; uÞ dx; u 2 H10 ðOÞ:
Then I˜ and I˜e satisfy ðPSÞc condition for any c 2 R: Denote O ¼ fu 2
E j I˜ðuÞ50g and S1 ¼ fu 2 E j jjujj ¼ 1g: For u 2 S1 and t > 0; (f5), (3.2),
and (3.4) imply that I˜ðtuÞ50 if t is sufﬁciently small and I˜ðtuÞ > 0 if t is
sufﬁciently large. Also, by (3.3), if I˜ðtuÞ ¼ 0 then
@
@t
I˜ðtuÞ ¼ t
Z
O
jruj2 
Z
O
f˜ðx; tuÞu > t
Z
O
jruj2 
2
t
Z
O
F˜ðx; tuÞ
¼
2
t
I˜ðtuÞ ¼ 0:
So for u 2 S1; there exists a unique TðuÞ > 0 such that I˜ðtuÞ50 for
05t5TðuÞ; I˜ðTðuÞuÞ ¼ 0 and I˜ðtuÞ > 0 for t > TðuÞ: The implicit
function theorem implies that T 2 CðS1;RþÞ: Thus, we have
O ¼ ftu j 05t5TðuÞ; u 2 S1g: The above discussion also implies
that I˜ cannot have a critical point u except 0 with I˜ðuÞ50: This observation
will be used in the sequel. Deﬁne P ¼ fTðuÞu=2 j u 2 S1g: Then P
is a strong deformation retract of O: Deﬁne h : S1 ! P as
hðuÞ ¼ TðuÞu=2: Then the inverse of h is given by h1 : P! S1;
h1ðuÞ ¼ u=jjujj and both h and h1 are continuous. This means P is
homeomorphic to S1: Thus P and O are contractible since S1 is
contractible. For k 2 N; let Sk1 be the unit sphere in Rk and deﬁne Fk ¼
fh 2 CðSk1; OÞ j h is oddg and
bk ¼ inf
h2Fk
max
x2Sk1
I˜ðhðxÞÞ:
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S j gðAÞ5kg and
ck ¼ inf
A2gk
sup
u2A
I˜ðuÞ:
Since fhðSk1Þ j h 2 Fkg  gk; we see that bk5ck: By the proof of [8, Lemma
2.4], ck ! 0 as k !1: So bk ! 0 as k !1: Let L ¼ fc50 j c
is an essential value of I˜g: Now we prove that L=| and supL ¼ 0: If this
statement were false then there would exists k 2 N such that bk5bkþ1 and
½bk; 0Þ \ L ¼ |: Choose real numbers a0; a; a00 such that
bk5a05a5a005bkþ1:
Let h 2 Fk be such that
max
x2Sk1
I˜ðhðxÞÞ5a0:
For k 2 N; deﬁne Skþ ¼ fx j x ¼ ðx
0; xkþ1Þ; x0 2 R
k; xkþ150; jxj ¼ 1g: Since
O is contractible, we can extend h to h1 2 CðSkþ; OÞ: Let b ¼ maxfI˜ðh1ðxÞÞ j
x 2 Skþg: Then b50: Choose b and b
0 such that b5b5b050: By Lemma 1,
the pair ðI˜b; I˜aÞ is trivial. So there exist closed subsets A and B of E such that
I˜a
0
 A  I˜a
00
; I˜b  B  I˜b
0
and there exists a strong deformation retrac-
tion Z : B  ½0; 1 ! B of B to A: Deﬁne h2 2 CðSkþ; EÞ as h2ðxÞ ¼ Zðh1ðxÞ; 1Þ:
Then h2ðxÞ satisﬁes
I˜ðh2ðSkþÞÞ  I˜
a00 ; h2jSk1 is odd:
So we can extend h2 to an odd map h3 2 CðSk;EÞ satisfying I˜ðh3ðSkÞÞ  I˜a
00
;
which is impossible since otherwise it would be that
bkþ14max
x2Sk
I˜ðh3ðxÞÞ ¼ max
x2Skþ
I˜ðh2ðxÞÞ4a005bkþ1:
Therefore L=| and supL ¼ 0: Choose a strictly increasing sequence of
negative numbers fdkg  L such that dk ! 0 as k !1: For any k 2 N; by
Lemmas 2 and 3 there exists %ek with 05%ek51=k such that if jej4%ek then I˜e
has k critical values
de15de25   5dek50
with jdei  di j51=i for i ¼ 1; 2; . . . ; k and k critical points
ue; 1; ue; 2; . . . ; ue; k:
We assert that there exists k 2 N such that if jej4%ek then ue; kjþ1; ue; kjþ2;
. . . ; ue; k have Cð %OÞ norms less than a: So they are j distinct solutions of ðP1Þe
with negative critical values. Therefore to ﬁnish the proof we need only to
prove the above assertion. If the assertion were false then for any k 2 N
there exist ek with jek j4%ek and ik with ik 2 fk  j þ 1; k  j þ 2; . . . ; kg such
LI AND LIU280that jjuek ; ik jjCð %OÞ > a: Denote uk ¼ uek ; ik : Then we have, for k 2 N
I˜ðukÞ þ ekJ˜ðukÞ ¼ dekik
and
I˜ 0ðukÞ þ ekJ˜ 0ðukÞ ¼ 0;
where J˜ðuÞ ¼
R
O G˜ðx; uÞ dx for u 2 H
1
0 ðOÞ: Note that dekik as k !1; ek ! 0
as k !1; fJ˜ðukÞg
1
k¼1 is bounded in R; and fJ˜
0ðukÞg
1
k¼1 is bounded in H
1
0 ðOÞ:
Therefore limk!1 I˜ðukÞ ¼ 0 and limk!1 I˜0ðukÞ ¼ 0 as k !1: Since I˜
satisﬁes the ðPSÞ0 condition and since I˜ cannot have a critical point u
except 0 with I˜ðuÞ50; fukg has a subsequence, denoted by itself, converging
to 0 in H10 ðOÞ: By the regularity theory of elliptic operators, we have limk!1
jjuk jjCð %OÞ ¼ 0; a contradiction. ]
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